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For a metric space $(S, d)$ , define a weighted graph $G=G(S, d)$ with vertex set $S$ so that
each edge $\{s, t\}$ has weight $d(s, t)$ . For a finite subset $X\subseteq S$ , a Steiner minimal tree $S(X)$
for $X$ is a tree having the minimum possible length over all trees in $G$ which contain $X$ in
their vertex sets.
It is well known that for arbitrary weighted graphs, finding a Steiner minimal tree (SMT)
is in general, an $NP$-complete problem. It has been shown that for graphs whose edge
weights come from certain metric structures, such as the Euclidean plane or the $L_{1}$ plane,
finding SMTs is also NP-complete.
The problem we are considering, i.e., that of constructing phylogenies, is easily seen to
have the following formalization:
For a fixed alphabet $A$ , let $d$ denote the Hamming distance on $A^{n}$ , that is,
$d((a_{1}, \cdots , a_{n}), (b_{1}, \cdots, b_{n}))=$ the number of indices $i$ such that $a_{i}\neq b_{i}$ .
In the metric space $(A^{n}, d)$ , the Steiner problem for phylogeny (SPP) is:
(SPP): Given a set $X\subseteq A^{n}$ , find a Steiner minimal tree $S(X)$ for $X$ .
The following theorem shows that even when $A$ consists of two elements, the SPP for $A^{n}$
is NP-complete.
Theorem A The $SPP$ for $A=\{0,1\}$ is NP-complete.
The proof is shown by reducing the known $NP$-complete problem “Exact &Cover’’ to
the SPP (see Foulds-Graham [3]).
Corollary B. The $SPP$ is NP-complete.
4 The Main Result
We now describe one theorem and one corollary in this paper. Let $V_{O}$ be the set of
operational taxonomic units (mathematically a nonempty finite set). Let $\Omega_{i}$ be the set of
$i\mathrm{t}\mathrm{h}$ character-states (here, the set $\mathrm{R}$ of real numbers or the set $\mathrm{N}$ of nonnegative integers).
Let a: $V_{O}arrow\Omega_{1}\cross\Omega_{2}\cross\cdots\cross\Omega_{n}$ (denoted by $\Omega$) be a function. This function a is called a
character-state function for $V_{O}$ . Let the restriction of $\sigma$-range to $\Omega_{i}(1\leq i\leq n)$ be denoted
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by $\sigma_{i}$ . Let
$d(a, b)= \sum_{i}|a_{i}-b_{i}|$ .
for any elements $a=$ $(a_{1}, a_{2}, \cdots ; a_{n})$ and $b=(b_{1}, b_{2}, \cdots\cdot, b_{n})$ in $\Omega$ . This distance $d$ is said
to be rectilinear. Then the second MPR problem (2-MPRP) is:
(2-MPRP): Given a set $V_{O}$ and a character-state function $\sigma$ for $V_{O}$ , Pnd an optimal
phylogenetic tree $T$ with the set $V_{O}$ of external vertices evalueted by a, under Wagner
Parsimony criterion.
The optimal phylogenetic tree is called a globally optimal solution for the 2-MPRP. The
2-MPRP with $\sigma_{i}$ instead of $\sigma$ is called the character-wise 2-MPRP or the 2-MPRP under
asingle character.
Theorem. The character-wise 2-MPRP can be solved by the computational complexity
of sorting the $|V_{O}|$ numbers, and futhermore, the solution is essentially unique.
We here illustrate the theorem by using an example. Let $V_{O}=\{f, g, h, i, j, k, l\}$ , where
$f$ is a unique root such as a species of fossil, and $\{g, h, i, j, k, l\}$ is a set of present day
speices. Let a character-state function $\sigma$ for $V_{O}$ be given in $\ovalbox{\tt\small REJECT} 1$ .
1: $V_{O}$ and $\sigma$
For example, $d(\sigma(f.), \sigma(g))=|1-3|+|2-0|+|2-1|=5$ . A globally optimal solution
for the (character-wise) 2-MPRP on the first character is found as follows:
Step 1. Sort in ascending order the following vertices (OTUs) with the known
character-states, according to the character-states:
$(f, 1),$ $(g, 3),$ $(h, 0),$ $(i, 6),$ $(j, 5),$ $(k, 2),$ $(l,4)$ .
Then we have the following:
$(h_{:}0),$ $(f, 1),$ $(k, 2),$ $(g, 3),$ $(l, 4),$ $(j, 5),$ $(i, 6)$ .
8
Step 2 Construct a tree shown in $\otimes\backslash 1$ .
1: Atroe
Step 3. Root the tree in $\mathrm{H}^{\iota}1$ at $\mathrm{f}$. Then we have a globally optimal solution shown
in $\ovalbox{\tt\small REJECT}^{\backslash }2$ . The length of the rooted tree is 6.
$\mathrm{E}^{\backslash }2$ : a globally optimal solution on the first character
A globally optimal solution on the second character is $\mathrm{s}\mathrm{i}\mathrm{m}_{\wedge}\mathrm{i}\mathrm{l}\mathrm{a}\Gamma 1$ shown in $\mathbb{R}^{\backslash }.\mathrm{q}$
$\mathrm{H}3$ : a globally optimal solution on the second character
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The length of the rooted tree is 5. The relation $\equiv \mathrm{m}\mathrm{e}\mathrm{a}\mathrm{n}\mathrm{s}$ that this part may be any tree
with the external vertices $f$ and $i$ having the same character-state. Note that other parts
may have similar variations. Any two trees equivalent under the relation $\equiv$ are said to
be $state-homogeneo\prime \mathrm{t}\iota s$ . The “is essentially unique” in the theorem means “is unique up to
state.homogeneity”. The fact that the tree-topology of the rooted tree in $\mathbb{E}^{\backslash }2$ and that of
the rooted tree in $\ovalbox{\tt\small REJECT}^{\backslash }3$ are different, is a critical point.
Corollary. Let $(\Omega, \leq)$ be a poset with the usual $orde\dot{\mathcal{H}}ng$ . Then if $\sigma(V_{O})$ is a chain in
$(\Omega, \leq)$ , the 2-MPRP can be solved by the computational complexity of sorting the $|V_{O}|\cross p$
numbers for $p=the$ number of characters, and futhermore, the solution is essentially
unique.
Note that comparing the SPP and the 2-MPRP, we have a difference such that some
elements in “X” of the SPP may be internal vertices of the solution tree, but all elements
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